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COHERENCE FOR MONOIDAL G-CATEGORIES AND
BRAIDED G-CROSSED CATEGORIES
CE´SAR GALINDO
Abstract. We prove a coherence theorem for actions of groups on monoidal
categories. As an application we prove coherence for arbitrary braidedG-crossed
categories.
1. Introduction
Given a group G and a monoidal category C, a strict action of G on C is a group
morphisms from G to AutStrict⊗ (C) (the group of all strict monoidal automorphisms
of C). For almost all situations where symmetries of monoidal categories arise,
strict actions are not sufficient, mainly because the natural notion of symmetry
in monoidal category theory is not a strict monoidal automorphism. Rather, a
symmetry in a monoidal category is a strong monoidal auto-equivalence. The cat-
egorical symmetries of a monoidal category form a monoidal category. Since every
groupG defines a discrete monoidal categoryG, the appropriate definition of action
is a monoidal functor from G to End⊗(C), where End⊗(C) is the monoidal cate-
gory of strong monoidal endofunctors as objects and morphisms given by monoidal
natural isomorphism). For simplicity, a monoidal category with a G-action will be
called a monoidal G-category. If the action is strict we will say that the monoidal
G-category is strict. Thus, a monoidal G-category is a monoidal category C with
a family of monoidal auto-equivalences {(g∗, ψ
g) : C → C}g∈G and a family of
monoidal isomorphisms {φ(g, h) : (gh)∗ → g∗h∗}g,h∈G satisfying certain coherence
axioms (see Section 3.1).
The distinction between strict monoidal G-categories and general monoidal G-
categories is analogous to the relation between strict monoidal categories and gen-
eral monoidal categories. In monoidal category theory, the MacLane coherence
theorem says that for two expressions S1, S2 obtained from X1⊗X2⊗ . . .⊗Xn by
inserting 1’s and brackets, any pair of isomorphisma Φ : S1 → S2, composed of the
associativity and unit constraints and their inverses, are equal. A similar presen-
tation of coherence for arbitrary monoidal G-categories can be stated. However,
an equivalent statement and convenient way of expressing the coherence theorem
for monoidal G-categories is the following:
Theorem 1.1 (Coherence for monoidal G-categories). Let G be a group. Every
monoidal G-category is equivalent to a strict monoidal G-category.
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In essence, Theorem 1.1 says that in order to prove a general statement for
monoidal G-categories, we may assume without loss of generality to assume that
we are working with strict G-categories.
The main result of this paper is to prove Theorem 1.1. For this, given a group
G and a monoidal G-category C, we construct a strict monoidal G-category C(G)
and a adjoint monoidal G-equivalence F : C → C(G). In fact, we construct a
strict left adjoint 2-functor to the forgetful 2-functor from the 2-category of strict
monoidal G-categories to the 2-category of monoidal G-categories.
Braided G-crossed categories are interesting because they have applications to
mathematical physics [2, 6, 8] and low-dimensional topology [12, 13, 14]. As an
application of Theorem 1.1, we prove coherence theorems for general G-crossed
categories and braided G-crossed categories. This coherence theorem generalizes
the Mu¨ger’s coherence theorem for braided G-crossed fusion categories over alge-
braically closed field of characteristic zero and G finite, [12, Appendix 5, Theorem
4.3]. Mu¨ger’s coherence theorem is obtained as corollary of depth and difficult to
prove characterization of braided G-crossed fusion categories. The inconveniences
of [12, Appendix 5, Theorem 4.3] are that the construction of the strictification is
not direct, G must be finite and the conditions on the braided G-crossed category
is very restrictive. In loc. cit. Michael Mu¨ger asked for a proof of the coherence in
a more direct way, extending its domain of validity. Theorem 5.6 has no restriction
on G or the underlying category C and the constructions of the strictification C(G)
is very explicit. Thus, Theorem 5.6 answers Mu¨ger’s question.
The paper is organized as follows. Section 2 contains preliminaries and nota-
tions. In Section 3, we define the 2-category of monoidal G-categories. Section 4
contains the proof of coherence theorem for monoidal G-categories. In Sec. 5, we
apply the main result to crossed G-categories and braided G-crossed categories.
Acknowledgements. The author is grateful to Paul Bressler for useful discussions.
This research was partially supported by the FAPA funds from Vicerrector´ıa de
Investigaciones de la Universidad de los Andes.
2. preliminaries and notations
Let C be a category. We denote by Obj(C) the class of objects of C and by
HomC(X, Y ) the set of morphisms in C from an object X to an object Y . Also,
by abuse of notation X ∈ C means that X is an object of C.
The symbols C and D will denote monoidal categories with unit objects 1C and
1D respectively. If no confusion arise, we will denote the unit object of a monoidal
category just by 1. In order to simplify computations and statements, by monoidal
category we will mean a strict monoidal category. This is justified by the coherence
theorem of S. MacLane [9, 10].
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2.1. Monoidal functors. Let C and D be monoidal categories. A monoidal func-
tor from C to D is a triple (F, F2, F0), where F : C → D is a functor,
F2 = {F2(X, Y ) : F (X ⊗ Y )→ F (X)⊗ F (Y )}X,Y ∈C
are natural isomorphisms, F0 : F (1) → 1 is an isomorphism, such that the dia-
grams
(2.1)
F (X ⊗ Y ⊗ Z) F (X ⊗ Y )⊗ F (Z)
F (X)⊗ F (Y ⊗ Z) F (X)⊗ F (Y )⊗ F (Z)
F2(X,Y⊗Z)
F2(X⊗Y,Z)
F2(X,Y )⊗F (Z)
idF (X)⊗F2(Y,Z)
(2.2)
F (X) F (X)⊗ F (1)
F (1)⊗ F (X) F (X)
F2(1,X)
F2(X,1)
idF (X)
idF (X)⊗F0
F0⊗idF (X)
commute for all objects X, Y, Z ∈ C.
A monoidal functor (F, F2, F0) is called unital if F0 is the identity morphisms
and strict if F2 and F0 are identity morphisms.
Remark 2.1. A monoidal functor (F, F2, F0) is unital if and only if
F2(X, 1) = F2(1, X) = idX
for all X ∈ Obj(X).
Let F,G : C → D be two monoidal functors. A natural transformation ϕ =
{ϕX : F (X)→ G(X)}X∈C from F to G is monoidal if the diagrams
(2.3)
F (1) G(1)
1
F0
ϕ1
G0
and
(2.4)
F (X ⊗ Y ) F (X)⊗ F (Y )
G(X ⊗ Y ) G(X)⊗G(Y )
F2(X,Y )
ϕX⊗Y ϕX⊗ϕY
G2(X,Y )
commute for all objects X, Y of C.
Remark 2.2. If F,G : C → D are two unital monoidal functors then condition of
(2.3) is just ϕ1 = id1.
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If F : C → D and G : D → E are two monoidal functors, then their composition
GF : C → E is a monoidal functor with (GF )0 = F (G0)F0 and
(GF )2 = {G2(F (X), F (Y ))G(F2(X, Y ))}X,Y ∈C .
A monoidal functor (F, F2, F0) : C → D
′ is called a monoidal equivalence if the
functor F is a equivalence of categories. If (F, F2, F0) is a monoidal equivalence,
the adjoint functor of F has a canonical monoidal structure, and the unit and
counit of the adjointion are monoidal natural isomorphisms, see [11, Proposition
4.4.2].
3. G-categories
Given monoidal categories C and D, we will denote by Fun⊗(C,D) the category
of monoidal functors from C to D. The objects are monoidal functors from C
to D and morphisms are monoidal natural isomorphisms. If C = D, we denote
Fun⊗(C,D) just by End⊗(C). The category End⊗(C) is a strict monoidal category
with tensor product given by composition of monoidal functors and unit object
the identity endofunctor IdC .
Analogously, given monoidal categories C and D, we define Funu⊗(C,D) ( respec-
tively Endu⊗(C)) as the full subcategory of unital monoidal functors from C to D
(respectively the monoidal category of unital monoidal endofunctors of C).
3.1. Definition of monoidal G-categories. LetG be a group (or a monoid). We
will denote by G the discrete monoidal category with Obj(G) = G and monoidal
structure defined by the multiplication of G.
A monoidal G-category is pair (ψ, C), where C is a monoidal category and ψ :
G→ End⊗(C) is a monoidal functor. Two monoidal G-categories (ψ, C) and (ψ
′, C)
are called strongly monoidally G-equivalent if ψ and ψ′ are monoidal equivalent.
A monoidal G-category is called unital if ψ is a unital monoidal functor from G
to Endu⊗(C).
Proposition 3.1. Every monoidal G-category (ψ, C) is strongly G-equivalent to a
unital monoidal G-category (ψ′, C).
Proof. It is clear that the proposition follows from the following statement: Let
C and D be monoidal categories. Then, the inclusion functors ι : Funu⊗(C,D) →
Fun⊗(C,D) and ι : End
u
⊗(C) → End⊗(C) are equivalences of categories and of
monoidal categories, respectively.
Recall that a functor is an equivalence if and only if it is essentially surjective
and fully faithful. It is clear that the functors ι are fully faithful. We only need
to see that they are surjective.
By (2.2), F2(X, 1C) = idF (X)⊗F
−1
0 , F2(1C, Y ) = F
−1
0 ⊗ idF (Y ). Thus, defining
F ′(X) =
{
F (X), X 6= 1C;
1D, X = 1C.
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F ′2(X, Y ) =


F2(X, Y ), X 6= 1C, Y 6= 1C;
idF (X), if Y = 1C ;
idF (Y ), if X = 1C.
we have a unital monoidal functor (F ′, F ′2) : C → D. Finally, a monoidal natural
isomorphisms σ : F → F ′ is defined by
σ(X) =
{
idF (X), X 6= 1C;
F0, if X = 1C.
In fact, σ is a natural isomorphism since HomD(1D, 1D) is a commutative monoid
and hh′ = h⊗ h′ for all h, h′ ∈ HomD(1D, 1D). 
As a consequence of Proposition 3.1, from now on we will consider only unital
monoidal G-categories and we just call them monoidal G-categories.
A monoidal G-category C consists of the following data:
• functors g∗ : C → C for each g ∈ G,
• natural isomorphisms φ(g, h) : (gh)∗ → g∗ ◦ h∗ for each pair g, h ∈ G,
• natural isomorphisms ψg(X, Y ) : g∗(X⊗Y )→ g∗(X)⊗g∗(Y ) for all X, Y ∈
Obj(C),
such that
(1) g∗(1) = 1
(2) ψg(X, 1) = ψg(1, X) = idX ,
(3) e∗ = IdC,
(4) φ(e, g) = φ(g, e) = Idg∗
for all g ∈ G, X ∈ Obj(C) and, for all g, h, k ∈ G and X, Y, Z ∈ Obj(C), the
following diagrams commute:
(3.1)
(ghk)∗(X) (gh)∗k∗(X)
g∗(hk)∗(X) g∗h∗k∗(X)
φ(gh,k)(X)
φ(g,hk)(X) φ(g,h)(k∗(X))
g∗(φ(h,k)(X))
(3.2)
g∗(X ⊗ Y ⊗ Z) g∗(X ⊗ Y )⊗ g∗(Z)
g∗(X)⊗ g∗(Y ⊗ Z) g∗(X)⊗ g∗(Y )⊗ g∗(Z)
ψg(X,Y⊗Z)
ψg(X⊗Y,Z)
ψg(X,Y )⊗idg∗(Z)
idg∗(X)⊗ψ
g(Y,Z)
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(3.3)
(gh)∗(X ⊗ Y ) (gh)∗(X)⊗ (gh)∗(Y )
g∗h∗(X ⊗ Y ) g∗h∗(X)⊗ g∗h∗(Y )
g∗(h∗(X)⊗ h∗(Y ))
ψgh(X,Y )
φ(g,h)X⊗Y φ(g,h)X⊗φ(g,h)Y
g∗(ψh(X,Y )) ψg(h∗(X),h∗(Y ))
A monoidal G-category is called strict if ψg and φ(g, h) are identities for all
g, h ∈ G.
Given C and D monoidal G-categories, a monoidal G-functor is a pair (F, γ),
where F : C → D is a monoidal functor and γ(g) : g∗ ◦ F → F ◦ g∗ is a family
of monoidal natural isomorphisms indexed by G, such that η(e) = IdF and for all
X ∈ Obj(C), g, h ∈ G the diagrams
(3.4)
(gh)∗F (X) F ((gh)∗(X))
g∗h∗(F (X)) F (g∗h∗(X))
g∗(F (h∗(X)))
η(gh)X
φ(g,h)F (X) F (φ(g,h)X)
g∗(η(h)F (X)) η(g)h∗(X)
commute.
We say that (F, η) is an equivalence of monoidal G-categories if the functor F is
an equivalence of categories. If C = D, a strongly equivalence is just an equivalence
of monoidal G-categories of the form (IdC, η).
If (F, η), (L, χ) : C → D are monoidal G-functors, a monoidal natural transfor-
mation ϕ : C → D is called a monoidal natural transformation of G-categories if
the diagrams
(3.5)
F (g∗(X)) L(g∗(X))
g∗(F (X)) g∗(L(X))
ϕg∗(X)
η(g)X
g∗(ϕX)
χ(g)X
commute for all X ∈ C and g ∈ G.
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3.2. Weak actions on Crossed modules. The goal of this section is to present
some examples of monoidal G-categories associated to crossed modules.
Recall that a crossed module is a pair of groups P and H , a left action of P on
H (by group automorphisms)
P ×H → H
(g, h) 7→ gh,
and a group homomorphism ∂ : H → P , such that ∂ is G-equivariant:
∂(hg) = g∂(h)g−1
and ∂ satisfies the so-called Peiffer identity:
∂(h1)h2 = h1h2h
−1
1 .
Note that Im(∂) ⊂ P is a normal subgroup, then coker(∂) is a group.
Example 3.2. • Let H be a normal subgroup of a group P . The group P
acts by conjugation on H and ∂ given by the inclusion defines a crossed
module (H,P, ∂).
• Let
1→ A→ H
∂
→ P → 1,
be a central extension of groups. If ι : P → H is a section (of sets) of ∂,
the group P acts on H by ph = ι(p)hι(h)−1. Since A is central the action
does not depend of the choice of ι. The projection ∂ : H → P , defines a
crossed module (H,P, ∂).
If (H,P, ∂) and (H ′, P ′, ∂′) are crossed modules, a morphism (α, φ) : (H,P, ∂)→
(H ′, P ′, ∂′) of a crossed modules is a commutative diagram of group morphisms
H
∂

α // H ′
∂′

P
φ
// P ′
such that α(gh) = φ(g)α(h), for all h ∈ H, g ∈ P . A morphism (α, φ) : (H,P, ∂)→
(H ′, P ′, ∂′) is called a weak equivalence if induces group isomorphisms
ker(∂) ∼= ker(∂′), coker(∂) ∼= coker(∂).
Given two morphisms (α, φ), (α′, φ′) : (H,P, ∂)→ (H ′, P ′, ∂′) we define a natural
transformation θ : (α, φ)⇒ (α′, φ′) as a map
θ : P → H Im(φ) = {h ∈ H : gh = h, ∀g ∈ Im(φ)}
such that
φ′(g) = ∂(θ(g))φ(g), θ(g)α′(h) = α(h)θ(g),
2
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for all g ∈ P, h ∈ H .
Let G be a group and (H,P, ∂) a crossed module. A weak action of G on
(H,P, ∂) consists of the following data:
• a morphism (αx, φx) for each x ∈ G,
• natural transformations θx,y : (αxy, φxy)→ (αxαy, φxφy) for each pair x, y ∈
G,
such that
(1) (αe, φe) = (IdH , IdG)
(2) θe,x = θx,e are the constant function e.
(3) θxy,z(g)θx,y(φz(g)) = θx,yz(g)αx(θy,z(g))
for all x, y, z ∈ G, g ∈ P
Example 3.3. Let
1→ H
∂
→ P
pi
→ G→ 1,
be an exact sequence of groups and ι : Q→ G a section (of sets) of pi. The group
G acts on (H,P, ∂) by
φg(x) = ι(g)xι(g)
−1, αg(h) = ι(g)hι(g)
−1,
θg,h(x) = αg ◦ αh(x)αgh(x)
−1,
for all h ∈ H, x ∈ P, g, h ∈ G
We can build a small strict monoidal category C(H,P, ∂) (in fact, a strict cat-
egorical group) from a crossed module (H,P, ∂) as follows. First we let the set of
object by P and the set of arrow the semidirect product H ⋊ P in which tensor
product is given by the multiplication
(h, g)(h′, g′) = (h(gh′), gg′).
We define source and target maps s, t : H ⋊ P → P by:
s(h, g) = g, t(h, g) = ∂(h)g,
define the identity-assigning map
i : P → H ⋊ P
g 7→ (1, g),
and define the composite of morphisms
(h, g) : g → g′, (h′, g′) : g′ → g′′,
to be
(hh′, g) : g → g′′.
See [7] for more details.
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Every weak action {αx, φx, θx,y}x,y∈G of a group G on a crossed module (H,P, ∂)
defines an action of G on the monoidal category C(H,P, ∂). In fact, every mor-
phism (αx, φx) defines a strict monoidal functor F(αx,φx) : C(H,P, ∂)→ C(H,P, ∂),
F(αx,φx)(g) = φx(g), F(αx,φx)(h, g) = (αx(h), φx(g)),
and every natural transformation θx,y defines a monoidal natural isomorphism
θx,y : F(αxy ,φxy) → F(αx,φx) ◦ F(αx,φx) by
(θx,y(g), φxy(g)) : φxy(g)→ φx ◦ φy(g).
4. Coherence for monoidal G-categories
Let G be a group and let C be a monoidal G-category. We define the category
C(G) as follows: the objects of C(G) are pairs (L, η), where L = {Lg}g∈G is a
family of objects of C and
(4.1) η = {ηg,h : g∗(Lh)→ Lgh}(g,h)∈G×G
is a family of isomorphisms such that ηe,g = idLg for all g ∈ G and the diagrams
(4.2)
(gh)∗(Lk) Lghk
g∗h∗(Lk) g∗(Lhk)
φ(g,h)Lk
ηgh,k
g∗(ηh,k)
ηg,hk
commute for all g, h, k ∈ G.
A morphism from (L, η) to (T, χ) is a familiy of morphisms
f = {fg : Lg → Tg}g∈G,
such that the diagrams
(4.3)
g∗(Lh) Lgh
g∗(Th) Tgh
g∗(fh)
ηg,h
fgh
χg,h
commute for all g, h ∈ G. The composition of f : (L, η) → (L′, η′) and l :
(L′, η′)→ (L′′, η′′) is lf := {lgfg}g∈G. This composition is well defined because of
functoriality of g∗.
Consider now the functor F : C → C(G) defined as follows: For every object X
in C, F(X) = (X, φ−1X ), where Xg = g∗(X) and
(φ−1X )g,h := φ(g, h)
−1
X : g∗(Xh) = g∗h∗(X)→ Xgh = (gh)∗(X).
The pair (X, φ−1X ) is an object in C(G) by the commutativity of diagram (3.1).
Given l : X → Y a morphism in C, we define F(l) : (X, φ−1X ) → (Y , φ
−1
Y ) as
F(l) = {g∗(l)}g∈G. The family of morphisms F(l) is a morphism in C(G) because
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φ−1(g, h) : g∗h∗ → (gh)∗ are natural isomorphisms for each pair g, h ∈ G and
F(l) ◦ F(f) = F(l ◦ f) because g∗ are functors for each g ∈ G.
Proposition 4.1. The functor F : C → C(G) is an adjoint equivalence of cate-
gories with adjoint functor Ue : C(G)→ C, (L, η) 7→ Le, f 7→ fe.
Proof. We define the unit isomorphism of the adjoint equivalence η : F ◦Ue → IdC
as
η(L,η) := {ηg,e}g∈G.
The naturality of η follows from the diagrams (4.3), taking h = e. The counit
isomorphism of the adjoint equivalence is the identity since Ue ◦ F = IdC. The
counit-unit equations follow immediately from the definitions. 
Proposition 4.2. The category C(G) is a strict monoidal category with tensor
product of objects (L, η)⊗ (L′, η′) = (LL′, ηη′), where (LL′)g := Lg ⊗ L
′
g,
(4.4)
g∗(Lh ⊗ L
′
h) Lgh ⊗ L
′
gh
g∗(Lh)⊗ g∗(L
′
h)
ψg(Lh,L
′
h
)
(ηη′)g,h
ηg,h⊗η
′
g,h
tensor product of morphisms f ⊗ l = {fg ⊗ lg}g∈G, and unit object (1, id1), where
1g = 1, for all g ∈ G.
Proof. First, we will see that the tensor product is well defined. In order to check
that (L, η)⊗ (L′, η′) ∈ C(G), we need to see that the diagrams (4.2) commute for
ηη′, that is,
(ηη′)gh,k = ηg,hk ◦ g∗((ηη
′)h.k)φ(g, k)Lk⊗L′k ,
for all g, h, k ∈ G.
We will use the following equations:
(4.5) ψg(Lhk, Lhk) ◦ g∗(ηh,k ⊗ η
′
h,k) =
(
g∗(ηh,k)⊗ g∗(η
′
h,k)
)
◦ ψg(h∗(Lk), h∗(L
′
k))
(4.6) ψg(h∗(Lk), h∗(L
′
k)) ◦ g∗(ψ
h(Lk, L
′
k)) ◦ φ(g, h)Lk⊗L′k
=
(
φ(g, h)Lk ⊗ φ(g, h)L′k
)
◦ ψg(LK , L
′
k)
for all g, k, k ∈ G. Equation (4.5) follows because ψg is a monoidal natural iso-
morphisms and equation (4.6) follows from diagram (3.3).
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Thus,
ηg,hk ◦ g∗((ηη
′)h.k) ◦ φ(g, k)Lk⊗L′k =
(1)
[(
ηg,hk ⊗ η
′
g,hk
)
◦ ψg(Lhk, L
′
hk)
]
◦ g∗
[(
ηh,k ⊗ η
′
h,k)
)
◦ ψh(LK , L
′
k)
]
◦ φ(g, h)Lk⊗L′k
=(2)
(
ηg,hk⊗η
′
g,hk
)
◦
[
ψg(Lhk, L
′
hk)◦g∗
(
ηh,k⊗η
′
h,k
)]
◦
[
g∗
(
ψh(LK , L
′
k)
)
◦φ(g, h)Lk⊗L′k
]
=(3)
(
ηg,hk ⊗ η
′
g,hk
)
◦
[(
g∗(ηh,k)⊗ g∗(η
′
h,k)
)
◦ ψg(h∗(Lk), h∗(L
′
k))
]
◦
[
g∗
(
ψh(LK , L
′
k)
)
◦ φ(g, h)Lk⊗L′k
]
=(4)
[
(ηg,hk ◦ g∗(ηh,k))⊗ (η
′
g,hk ◦ g∗(η
′
h,k))
]
◦
[
ψg(h∗(Lk), h∗(L
′
k)) ◦ g∗(ψ
h(Lk, L
′
k)) ◦ φ(g, h)Lk⊗L′k
]
=(5)
[
(ηg,hk ◦ g∗(ηh,k))⊗ (η
′
g,hk ◦ g∗(η
′
h,k)) ◦
(
φ(g, h)Lk ⊗ φ(g, h)L′k
)]
◦ ψg(LK , L
′
k)
=(6)
[
(ηg,hk ◦ g∗(ηh,k) ◦ φ(g, h)Lk)⊗ (η
′
g,hk ◦ g∗(η
′
h,k) ◦ φ(g, h)
′
Lk
)
]
◦ ψg(LK , L
′
k)
=(7)
(
ηgh,k ⊗ η
′
gh,k
)
◦ ψg(LK , L
′
k) =
(8) (ηη′)gh,k.
The equality (1) from definition, the equality (2) by the functoriality of g∗, the
equality (3) from equation (4.5) , the equality (4) from bifunctoriality of ⊗, the
equality (5) from equation (4.6), the equality (6) from bifunctoriality of ⊗, the
equality (7) from diagram (4.2) and the equality (8) from definition.
Let f : (L, η) → (T, χ) and l : (L′, η′) → (T ′, χ′) be morphisms in C(G). In
order to show that f ⊗ g := {fg ⊗ lg}g∈G is a morphism C(G) from (L, η)⊗ (L
′, η′)
to (T, χ)⊗ (T ′, χ′) we need to check the equation
(4.7)
(
g∗(fh)⊗ g∗(lh)
)
◦ ψg(Lh, L
′
h) = ψ
g(Th, T
′
h) ◦ g∗(fh ⊗ lh)
which follows from the monoidal naturality of ψg.
Then,
(
fgh ⊗ lgh
)
◦ (ηη′)g,h =
(1)
(
fgh ⊗ lgh
)
◦ (ηg,h ⊗ η
′
g,h) ◦ ψ
g(Lh, L
′
h)
=(2)
(
fghηg,h ⊗ lghη
′
g,h
)
◦ ψg(Lh, L
′
h) =
(3)
(
χg,hg∗(fh)⊗ χ
′
g,hg∗(lh)
)
◦ ψg(Lh, L
′
h)
=(4) (χg,h ⊗ χ
′
g,h)
(
g∗(fh)⊗ g∗(lh)
)
◦ ψg(Lh, L
′
h)
=(5) (χg,h ⊗ χ
′
g,h) ◦ ψ
g(Th, T
′
h) ◦ g∗(fh ⊗ lh) =
(6) (χχ′)g,h ◦ g∗(fh ⊗ lh).
The equality (3) follows from diagram (4.3) and the equality (5) from equation
(4.7).
It follows from the definition that (1, id1) is a strict unit object.
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Finally, we will show that the tensor product is strictly associative. Let (L, η),
(L′, η′), and (L′′, η′′), objects in C(G). Then,
((ηη′)η′′)g,h =
(1) (ηη′)g,h ⊗ ηg,h ◦ ψ
g(Lh ⊗ L
′
h, L
′′
h)
=(2)
(
ηg,h ⊗ η
′
g,h ⊗ η
′′
g,h
)
◦
(
(ψg(Lh ⊗ L
′
h, L
′′
h)⊗ idg∗(L′′h)) ◦ ψ
g(Lh ⊗ L
′
h, L
′′
h)
)
=(3)
(
ηg,h ⊗ η
′
g,h ⊗ η
′′
g,h
)
◦
(
(idg∗(Lh)⊗ψ
g(L′h, L
′′
h)) ◦ ψ
g(Lh, L
′
h ⊗ L
′′
h)
)
=(4) ηg,h ⊗ (η
′η′′)g,h ◦ ψ
g(Lh, L
′
h ⊗ L
′′
h) = (η(η
′η′)′)g,h
The equality (3) follows from the commutativity of diagram (3.2). Hence, the
tensor product is associative and C(G) is a strict monoidal category. 
The monoidal category C(G) is a strict monoidal G-category with action on
objects g∗(L, η) := (gL, gη), where (gL)h := Lhg and (gη)x,y := ηx,yg for all
g, h, x, y ∈ G and action on morphisms g∗(f)h = fhg, for all g, h ∈ G.
The following theorem implies Theorem 1.1.
Theorem 4.3. Let C be a monoidal G-category. The strict monoidal functor
Ue : C(G)→ C with the natural isomorphisms
γ(g)(L,η) := ηg,e : g∗(Ue(L, η))→ Ue(g∗(L, η))
is an equivalence of monoidal G-categories.
Proof. It follows immediately from the definitions that C(G) is a strict monoidal
G-category and Ue is an strict monoidal functor.
By Proposition 4.1 Ue is an equivalence of categories. Thus, we only need to
prove that (Ue, γ) is a functor of monoidal G-categories. The naturality of the
family of isomorphism
γ(g) := {γ(g)(L,η) := ηg,e}(L,η)∈Obj(C(G))
follows from the diagrams (4.3), taking h = e. Let (L, η) and (T, χ) be objects
in C(G). The monoidallity of γ(g) is equivalent to the equation (ηχ)g,e = ψ
g
Le,Te
◦
(ηg,e⊗χg,e), that follows from the definition of (ηχ)g,h. Finally, the diagrams (3.4)
for (Ue, η) are just the diagrams (4.2) with k = e. 
If (F, γ) : C → D is a monoidal G-functor, we define a monoidal G-functor
(F, γ)(G) : C(G) → D(G) as follows: if (L, η) ∈ C(G), then F (L) = {F (Lg)}g∈G
and F (ηg,h) ◦ γLh : g∗(F (Lh))→ g∗(F (Lh)) for all g, h ∈ G.
Remark 4.4. If the monoidal G-category is fusion category (or more generally a
finite tensor category) over a field k and every monoidal equivalence g∗ is k-linear
then Ue is an equivalence of fusion categories (or more generally an equivalence
of finite tensor categories). Thus, Theorem 4.3 immediately implies coherence for
fusion categories with (not necessarily finite) group actions.
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The following statement is equivalent to Theorem 1.1.
Corollary 4.5. The construction C 7→ C(G) defines a strict left adjoint to the
forgetful 2-functor from the 2-category of strict monoidal G-categories to the 2-
category of monoidal G-categories and the components of the unit are equivalences
of monoidal G-categories.

Let (H,P, ∂) be a crossed module, G a group and {(αx, φx, θx,y)}x,y∈G a weak
action of G on (H,P, ∂) (see Example 3.2).
The strict monoidal G-category C(H,P, ∂)(G) is a strict monoidal category
where every arrow is invertible and every object has a strict inverse. This kind
of monoidal categories are called strict categorical group or strict 2-groups (see
[1]). Since the notation of strict categorical group and crossed module are es-
sentially equivalents (see [7] for details), we can construct a new crossed module
(H(G), P (G), ∂′) with a strict G action such that is is weak equivalent to (H,P, ∂).
In fact, P (G) consist of the group of objects of C(H,P, ∂)(G), H(G) is the group
of morphisms X → 1 into the identity object of C(H,P, ∂)(G) with product:
(X
a
→ 1) · (Y
b
→ 1) = X ⊗ Y
a⊗b
→ 1⊗ 1 = 1,
action
Y (X
a
→ 1) = Y ⊗X ⊗ Y −1
idY ⊗a⊗idY−1
−−−−−−→ Y ⊗ 1⊗ Y −1 = 1.
and the homomorphism ∂′ : H(G)→ P (G) sending X → 1 into X .
5. Coherence for Braided G-crossed categories
5.1. G-crossed monoidal categories. AG-graded monoidal category is a monoidal
category C endowed with a decomposition C =
∐
g∈G Cg (coproduct of categories)
such that
• 1 ∈ Ce,
• Cg ⊗ Ch ⊂ Cgh for all g, h ∈ G.
If k is a commutative ring and C is a k-linear abelian category, the coproduct
C =
∐
g∈G Cg is taken in the category of k-linear abelian categories.
Definition 5.1. A G-crossed monoidal categories is a G-graded monoidal category
with a structure of G-category such that g∗(Ch) ⊂ Cghg−1 for all g, h ∈ G.
A G-crossed monoidal category is called k-linear if C is a k-linear category and
the functors g∗ are k-linear for each g ∈ G.
Let C and D be G-crossed monoidal categories. An equivalence of monoidal
G-categories F : C → D is an equivalence of G-crossed monoidal categories if
F (Cg) ⊂ Dg for all g ∈ G.
In Example 3.2 we define the notion of a weak action of a group G on a crossed
module (H,P, ∂) and the associated monoidal G-category C(H,P, ∂).
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Lemma 5.2. Let G be a group, (H,P, ∂) be a crossed module and {(αx, φx, θx,y)}x,y∈G
a weak action of G on (H,P, ∂).
(1) The G-gradings of C(H,P, ∂) are in correspondence with group homomor-
phisms
gr : P → G
such that Im(∂) ⊂ ker(gr).
(2) A G-grading given by a group homomorphism gr : P → G, defines a G-
crossed monoidal structure on C(H,P, ∂) if and only if
gr(φx(g)) = x gr(g)x
−1,
for all x ∈ G, g ∈ P .
Proof. The group of isomorphism classes of objects of C(H,P, ∂) is P/ Im(∂).
Since C(H,P, ∂) is a groupoid, G-gradings correspond with group morphisms
P/ Im(∂) → G. Thus, G-gradings correspond with groups morphism gr : P → G
such that Im(∂) ⊂ ker(gr).
The second part of the lemma follows immediately from the definition. 
Let C and D be G-crossed monoidal categories. A monoidal G-functor (F, η) :
C → D is a functor of G-crossed monoidal categories if F (Cg) ⊂ Dg for all g ∈ G.
We say that (F, η) is an equivalence of G-crossed monoidal categories if F is an
equivalence of categories.
A G-crossed monoidal categories is called strict if it is strict as a monoidal
G-category.
Corollary 5.3 (Coherence for G-crossed monoidal categories). Let G be a group.
If C is a G-crossed monoidal category, C(G) is a strict G-crossed monoidal category
equivalent to C. If C is k-linear, C(G) is k-linear and equivalent to C as k-linear
categories.
Proof. The strict monoidal G-category C(G) is a G-crossed monoidal category with
C(G)g = {(L, η) : Le ∈ Cg} for all g ∈ G.
If each g∗ is k-linear, the strict monoidal G-category C(G) is k-linear and the
equivalence of categories Ue : C(G) → C is a k-linear equivalence such that
Ue(C(G)g) ⊂ Cg for all g ∈ G. Thus, the corollary follows from Theorem 4.3 
5.2. Braided G-crossed categories.
Definition 5.4. Let C be a G-crossed monoidal category. A G-braiding is a family
of isomorphisms
c := {cX,Y : X ⊗ Y → g∗(Y )⊗X}Y ∈C,X∈Cg,g∈G
natural in X and Y , such that the diagrams
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(5.1)
g∗(X ⊗ Z) g∗(h∗(Z)⊗X)
g∗(X)⊗ g∗(Z) g∗h∗(Z)⊗ g∗(X)
(ghg−1)∗g∗(Z)⊗ g∗(X) (gh)∗(Z)⊗ g∗(X)
ψg(X,Z)
g∗(cX,Z)
ψg(h∗Z,h∗(X))
cg∗(X),g∗(Z)
φ(ghg−1,g)−1
Z
⊗idg∗(Z)
φ(g,h)X⊗idg∗(X)
commute for all X ∈ Ch, Z ∈ C, g, h ∈ G, the diagrams
(5.2)
X ⊗ Y ⊗ Z g∗(Y ⊗ Z)⊗X
g∗(Y )⊗X ⊗ Z g∗(Y )⊗ g∗(Z)⊗X
cX,Y⊗Z
cX,Y⊗idZ ψg(Y,Z)⊗idX
idg∗(Y )⊗cX,Z
commute for all X ∈ Cg, Y, Z ∈ C and the diagrams
(5.3)
X ⊗ Y ⊗ Z (gh)∗(Z)⊗X ⊗ Y
X ⊗ h∗(Z)⊗ Y g∗h∗(Z)⊗X ⊗ Y
cX⊗Y,Z
idX ⊗cY,Z φ(g,h)Z⊗idX⊗Y
cX,h∗(Z)⊗idY
comute for all X ∈ Cg, Y ∈ Ch, Z ∈ C, g, h ∈ G.
A braided G-crossed category is a G-crossed category with a G-braiding. A
braided G-crossed monoidal category (C, c) is called strict if C is a strict monoidal
G-category. In a strict braided G-crossed monoidal category we have that
• g∗(cX,Z) = cg∗(X),g∗(Z)
• cX,Y⊗Z = (idY ⊗cX,Z) ◦ (cX,Y ⊗ idZ)
• cX⊗Y,Z = (cX,h∗(Z) ⊗ idY ) ◦ (idX ⊗cY,Z)
for all X ∈ C, Y ∈ Cg, Z ∈ Ch, g, h ∈ G. Let C and D be braided G-crossed
categories.
Example 5.5. (1) Let (H,P, ∂) be a crossed module. Since ∂(h)h′h = hh′ for
all h, h′ ∈ H , the discrete monoidal categoryH is a strict braided P -crossed
category.
(2) Let (B, c) be a braided monoidal category and G a group with an action
on B by braided autoequivalences. Then B, with all objects graded only
by e ∈ G and G-braiding c is a braided G-crossed monoidal category.
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A functor of G-crossed monoidal categories (F, η) : C → D is a functor of braided
G-crossed monoidal categories if for all X ∈ Cg, Y ∈ C, g ∈ G the diagrams
(5.4)
F (X ⊗ Y ) F (g∗(Y )⊗X)
F (X)⊗ F (Y ) F (g∗(Y ))⊗ F (X)
g∗(F (Y ))⊗ F (X)
F (cX,Y )
F2(X,Y ) F2(g∗(Y ),X)
cF (X),F (Y ) η(g)Y ⊗idF (X)
commute.
We say that (F, η) is an equivalence of braided G-crossed monoidal categories if
F is an equivalence of categories.
Theorem 5.6 (Coherence for braided G-crossed categories). Let G be a group.
Every braided G-crossed category is equivalent to a strict braided G-crossed cate-
gory.
Proof. Using the adjoint equivalence of monoidal G-crossed categories, (Ue,F), we
will transport the G-braiding of C to a G-braiding on C(G). The G-braiding on
C(G) is defined by the commutativity of the diagram
Lh ⊗ Th
c˜Lh,Th // Thg ⊗ Lh
h∗(Le)⊗ h∗(Te)
ηh,e⊗χh,e
OO
h∗(Tg)⊗ h∗(Le)
ηh,g⊗χh,e
OO
h∗(Le ⊗ Te)
ψh(Le,Te)
OO
h∗(cLe,Te )
''PP
PP
PP
PP
PP
PP
PP
PP
PP
PP
h∗(Tg ⊗ Le)
ψh(Lg,Te)
OO
h∗(g∗(Te)⊗ Le)
h∗(ηg,e⊗idLe )
77♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥♥
where (L, η) ∈ C(G)g, (T, χ) ∈ C(G), g ∈ G. The monoidal G-functor (Ue, γ) :
C(G)→ C is a functor of braided G-categories. Thus, (Ue, γ) is an equivalence of
braided G-crossed categories. 
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Remark 5.7. Using the same ideas in the proof of Theorem 5.4, without signifi-
cant changes a coherence theorem for G-ribbon crossed categories can be proved.
Example 5.8. Let (H,P, ∂) be a crossed module, G be a group, {(αx, φx, θx,y)}x,y∈G
be a weak G-action and gr : P → G be a group homomorphism such that
Im(gr) ⊂ ker(∂), gr(φx(g)) = x gr(g)x
−1,
for all x ∈ G, g ∈ P .
A G-braiding is a map
{−,−} : P × P → H
satisfying the following axioms:
(a) ∂({x, y})xy = φgr(x)(y)x,
(b) {x, y}φgr(x)(y)h = h{∂(h)x, y},
(c) xh{x, ∂(h)y} = {x, y}αgr(x)(h),
(d) {φg(x), φg(y)} = αg({x, y})θ
−1
g,gr(x)θg gr(x)g−1,g,
(e) {x, yz} = {x, y}φgr(x)(y){x, z},
(f) {xy, z}θgr(x),gr(y)(z) =
x{y, z}{x, φgr(y)(z)},
for all x, y, z ∈ P, g ∈ G.
If G is a trivial group, we obtain the notion of braiding of crossed module, see
[3].
If the G-action is strict, that is, θx,y(g) = e, for all x, y ∈ G, g ∈ P , then we
obtain the notion of 2-crossed module of Conduche´ [5].
Every G-braiding in a crossed module (P,H, ∂) with a weak action of G, induces
a G-braiding
cx,y := ({x, y}, xy) : xy → φgr(x)(y)x, x, y ∈ P
of C(P,H, ∂). In fact, (a) says that the target of ({x, y}, xy) is φgr(x)(y)x. Con-
dition (b) and (d) are naturality of cx,y. Commutativity of diagrams (5.1), (5.2)
and (5.3) are equivalent to axioms (d), (e) and (f), respectively.
Recall that a categorical groups is a rigid monoidal groupoid, (see [1] for more
details). Every categorical groups is equivalent to a strict categorical groups, that
is, to a categorical groups where every object has a strict inverse respect to the
tensor product.
Applying Theorem 5.6 we have that every braided G-crossed categorical groups
is equivalent to a strict braided G-crossed strict categorical groups C. Since every
strict braided G-crossed strict categorical group defines a 2-crossed module, (see [4,
Example 2.5 (ii)]), associated to every braided G-crossed categorical group there
is a 2-crossed module.
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